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ABSTRACT. We show some computations related in particular to the motion by mean curvature flow 
of a submanifold inside an ambient Riemannian manifold evolving by Ricci or backward Ricci flow. 
Special emphasis is given to the analogous of Huisken's monotonicity formula and its connection 
with the validity of some Li-Yau-Hamilton Harnack-type inequalities in a moving manifold. 
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1. Static Ambient Space 

First we show the extension of Huisken's monotonicity formula by Hamilton Q. Let u be a 
positive solution of the backward heat equation on a Riemannian manifold (M, g), 

u t = -A M u . 

Let us assume we have a smooth, compact, immersed submanifold N with dim N = n evolving 
by the mean curvature flow in the ambient space M with dim M — m, the metric on N is the 
induced metric and we let /i to be the associated measure. 

We denote the normal indices with a, f3,j, . . . and the tangent ones with i,j,k,..., then, 

A M u = A N u + g af3 V a Vpu - R a W a u . (1.1) 

Now we compute 

dt Jn Jn Jn 

Using il.H and integrating by parts we obtain 

^ f ud t i= [ -g Q/3 V Q V /3 u + 2H Q V Q u-H 2 u4t. 

dt J jy J jy 

Adding and subtracting the quantity Vq1 ^ v u we get 

— / ud^i= - H 2 u - 2H"V a u + — -/ V a V a u da. 

dt Jn Jn \ u J Jn u 



Date: November 27, 2009. 



FLOW BY MEAN CURVATURE INSIDE A MOVING AMBIENT SPACE 



2 



This becomes 



dt 







f 


/ u dfj, = 




udfi — 


'n Jn 


u 


Jn 



V a uW a u 
Vq.V u dfj, . 



Finally, setting r = T — t for some constant Tel one obtains, for every t < T, 
r 2 / u dfj I = — r 2 



d 
dt 



N 



N 



H 



u 



u dfj 



V a V a u- 



V a uS/ a u u 



T 2 



= — T 2 



N 



N 



N 



N 



+ —(m — n) d[i 
2t 



H 



u dfj, 



u u It i 



+ T" 



H + V- 1 /! e~t dn 

/(v v -|?)«-.-'*, 



(1.2) 



where in the last passage we substituted u = e * , as u > 0. Notice that / t = — A M f + |V/| . 
This is Hamilton's result in 0. 



2. Moving Ambient Space 

Let us assume now that the metric of the ambient space evolves by the rule 174 = — 2Q (if 
Q = Ric we have the Ricci flow) and the backward heat equation is modified to 



u t 



A M u + Ku 



for some function K. 

If now we repeat the previous computation we have two extra terms, the first is coming from 
the modification to the equation for u, the second from the time derivative of the measure on N. 
Indeed, the associated metric on TV is affected not only by the motion of the submanif old but also 
by the evolution of the ambient metric on M. After some computation we have 



dt 



fi = (— H 2 - //"Q,,;// = (-U 2 - tr Q + g ap Ct a p)n 



Therefore we get 

d 
dt 



T 2 



u dfi 



N 



T 2 



N 



H 



u dfj, 



T 2 



N 



N 



u- 



= — T 2 



+ T" 



(K — tr Q + g al Q a p)u dfi 

H + V ± f\ 2 e- f dfj 

21 J n (V^/ + Qa/3 - ff) 9 a0 e-f dfJ 

~ I (K-trQ)e" / dfj, 
Jn 



(2.1) 
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where we substituted u = e f , hence, f t = — A M / + | V/| 2 — K. 

This computation suggests that a good choice is K = tr Q as the last term vanishes and we get 



4 f [ udfj) = -r 2 ^ ( |H + V ± /| 2 e- / d^ 

Jn J Jn 



dt 



IN 

Moreover, notice that with the choice K = tr Q, we have 

d_ 

dt 



J n (v 2 ,/ + Q afi - g^e-f dp, . (2.2) 



u= I u t -trQu= -A M u = 0, 

M JM JM 



at least when the ambient manifold M is compact, hence the integral f M u = J M e $ is constant 
during the flow. 



3. RlCCI AND BACK-RlCCI FLOW 

3.1. Ricci Flow Case. We choose now Q = Ric, that is, the metric g on M evolves by the Ricci 
flow in some time interval (a, b) C K, and we set K = R to be the scalar curvature. 
By the previous computation we get 

d_ 

dt 



u dfi J = — t 5 / H + V" 1 -/ e- } dfj, 
n J Jn 



T 2 



J^Vl p f + R aP - 9 -g)g^e-fdv, (3.1) 



for a positive solution of the conjugate backward heat equation 

u t = -Au + Ru (3.2) 

and / = — log u. Hence, 

/ t = -A/+|V/| 2 -R. (3.3) 

Monotonicity of t~ ~ J N ud/i is so related to the nonpositivity of the Li-Yau-Hamilton type 
expression {v 2 af3 f + R a p — g a/3 . Notice that the same conclusion holds also if u t < — Au + 
Ru. 

If (M, g(t)) is a gradient soliton of Ricci flow and / its "potential" function, it is well known 
that u = e~f satisfies the conjugate heat equation l|3.2|l and we have 

• Expanding Solitons: flow defined on (T m i n , +oo) and V 2 / + Ric = g/2(T m i n — t) 

• Steady Solitons: eternal flow and V 2 / + Ric = 

• Shrinking Solitons: flow defined on (— oo, r max ) and V 2 / + Ric = <?/2(T max — t) 
Substituting, in the three cases, the above expression becomes 

• Expanding Soliton: ^ T 1 _ t — which is always negative as t e {T min , T). 

• Steady Soliton: ^— w^l) wn i cn is always negative as t e (-oo. T). 

• Shrinking Soliton: m ^ L ( T 1 _ t — 7^7) which is nonpositive if T < T max as< € (— 00, min{T, T max }). 



Proposition 3.1. If(M,g(t)) is a steady or expanding gradient soliton and f is its potential function, 
then monotonicity holds for every T > T min . 

If(M,g(t)) is a shrinking gradient soliton on (— oo,T max ) and f is its potential function, then mono- 
tonicity holds for every T < T max . 
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3.2. Back-Ricci Flow Case. If we choose Q = -Ric, that is, the metric g evolves by back-Ricci 
flow in some time interval (a, b) C R, and we set K = R to be the scalar curvature. 
By the previous computation we get 



d_ 



+ J n (Vl f3 f R a , M) g°P e -f dM , (3.4) 



IN 

for a positive solution of the conjugate backward heat equation 

u t = —Au — Ru (3.5) 

and / = — log u. Hence, 

ft = -A/ + |V/| 2 + R 

Monotonicity of r 12 ^ J N udfi is so related to the nonpositivity of the Li-Yau-Hamilton type 
expression (v 2 ^/ — Rap — g af3 - Notice that the same conclusion holds also if u t < —Au - 
Ru. 

4. Li-Yau-Hamilton Harnack Inequalities and Ricci Flow 

• We denote with /y = Vy / the second covariant derivative of /, then 

v 2 t = 92 f r k df 

ijJ dxidxj ij dx k ' 

• Let uji a 1-form, then we have the following formula for interchanging of covariant 
derivatives 

VpqWi — VqpUli = R pqi 8 Ul s . 

Let u>ij a 2-form, then 

VpgWy - V qp Wij = R pqi s u! sj + R pqj s ui is . 

• II Bianchi Identity: 

V ' sRijkl + V;Rij s fe + VfcRjj/s = 

contracted, 

g 3S V s R ljk i - VjRiCjfc + V fe Ric i( = 

that is, 

divRicm ifc; = VfeRiCj; - V;Ric ife 
contracted again (Schur Lemma), 

div Ricfc = VfeR — div Ric^ 

that is, 

div Ric = VR/2. 

• Evolution equations for Ricci tensor and scalar curvature under Ricci flow: 

d t Ric y = ARic y + 2Ric P9 R W9 - 2 5 J " J Ric ip Ric^ 

d t R= AR+2|Ric| 2 . 

• Evolution equations for Christoffel symbols under Ricci flow: 

dt^ij = -/'(V.RiCjj + Vj-RiCii - VjRic^) . 
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V? J -A/=ViV J -V fc Vfc/ 

= V^RjfcfcpVp/) + ViVfeVjVfe/ 

= -ViCRiCjpVp/J + ViVfcVfcVj-/ 

= - ViEicjpVpf - Ricjpfip + ViVfcVfeVj/ 

= — ViRicjpVp/ — RiCjp/ip + Rikkpfpj + Rikjpfkp + VfeVjVfeVj/ 

= — V,RiCjpVp/ — Ricjp/ip — Ric^/pj — Rikpjfkp + Vfe(R,fcjpVp/) + VfeV^ViVj/ 

^iRlCjp^pf ^kRikpj^pf RlCjpfip R^ipfpj Rikpj fkp Rikpj fkp ~l~ ASI j\I j f 

= — (ViRiCjfe + VjRicife — VfeRiCy^Vfe/ — RiCjp/ip — Ricip/pj — ZRikpjfkp + AVjVj/ 



where in the last passage we used the II Bianchi identity. Hence, 

V-j -A/ - AViVj/ = -(V 4 Ric,fc + VjRicjfc - V fe Ric 4J ;)V fe / - Ricj p /i p - Ric^/pj - 2R ikpj f k p ■ 



4.1. Computation I: Ricci Flow. Suppose that u t = —Au + Ru and u > 0, we want to show the 
nonpositivity of the term 



Vlf + Rij 



2r 



for f = — log u which satisfies 



/ t = -A/ + |V/| 2 -R. 
Equivalently, if we had chosen / = log u, we can show the positivity of 



2 t T3 I 9ij 

2r 



V^ j f-R ij + 



for / = log u which satisfies 

/ t = -A/-|V/| 2 + R. 
We set r = T — t, L i3 = - Ric i3 , B id - = tL^ + g i3 /2 = r[/y - Ric^] + gij/2. 



FLOW BY MEAN CURVATURE INSIDE A MOVING AMBIENT SPACE 



6 



(d t + A)Hij = - Lij - RiCy 

+ T[Afij + V?-/t + (ViRic^ + Vj-Ricifc - V fe Ric y -)V fe /] 
- r[dtRicij + ARicy] 



-^ij Ric^j 
+ r[A/ ij -V 2 .A/-V 2 .|V/| 2 
+ (ViRiCjfc + Vj-Ricifc - V fe Ric ij )V fe /] 

— r[2ARiCy + 2Ric pq Ri P j q — 2RiCi P Ric p .,- — V 2 R] 
Lij Ric^j 

+ r[(ViRicj fe + VjRicjfe - V fc RiCy )V fc / 

H~~ 'RiC'jpfip H~ R^Cipfpj H - ^Rdkpj fkp 

- V?-|V/| 2 + (V.Ric^ + Vj-Ricifc - VfcRictfJV*/] 

— r[2ARic^ + 2Ric pg Ripjq — 2Ric ip Ric P j — V 2 R] 

H~ 7~\RiCjpfip -\- JOlCipfpj H - ^Rikpj fkp 

- 2f ip f jp - 2V% k fV k f + 2(ViRic ifc + Vj-Ricifc - V fc Ri Cij )V fe /] 

— r[2ARic^j + 2Ric P gR^ PJ(? — 2Ric ip Ric P j — V 2 R] 

Ric^j 

-|- T^RiCjpfip ~\~ JOiCipfpj H- 2R^/jpj fkp 

- 2f ip f jp - V% k fV k f - V% k fV k f + 2(V,Ric^ + Vj-Ricifc - VfcRic^V*/] 

— r[2ARic^ + 2Ric P gR^ pjg — 2Ric ip Ric P j — V 2 R] 
-^-ij Ric^j 

-f" T[RiCjp t /*jp -I- RiCjp^pj ~f~ ^Y^ifopj f k p 

- 2f ip f jp - 2V 3 kij fV k f - 2R i( y p V p /V fc / + 2(ViRic jfe + V,Ric ife - V fc Ric 4J )V fc /] 

— r[2ARiCy + 2Ric pg R ip:) (j — 2Ric ip Ric P j — V 2 R] 
L%j Ric^j 

+ T[mc jp f ip + Ric ip f pj - 2f ip f jp - 2V 3 kij fV k f] 

- r[2ARiCjj + 2Ric p(J R ipi(Z - 2Ric ip Ric p:) - V 2 R] 
+ r[2(ViRic jfc + Vj-RiCjfc - V fe Ric y )V fc / 

2Rikjpfpk 2Rjfcjp Vp/Vfc/] 



substituting, L i3 = [H i3 - gi 3 /2]/r and fa = [H^ - ^/2]/r + Ric^, we get 
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(d t + A)J?y = - H 13 /t + gij /2T - Ricy 

+ r[Ricj p Ricip + Ric ip Ric w - — 2V/ £ RiCj 3 V ft /] 

— 2t[#?/t 2 - H tj /T 2 + gij/4:T 2 + Ric ife Ric fej + Ric ik H jk /T + Ric jk H ik /T - Ric^/r] 
+ [Ric jp H ip + Ric ip H pj - 2V k H i:j V fe /] 

— RiCy 

— r[2ARiCy + 2Ric pq Ri p j q — 2Ric ip Ric p .,- — V^-R] 

+ r[2(V i Ric jfc + VjRicifc - V fe RiCy )V fc /] 
2TR^/ i :jpRiCp/ c 2Ri k jpHp k -\- Ric>ij 

— 2rRifcjpVp/Vfc/ 

= [Hij - 2H 2 ]/t + RiCy + r[Ric JP RiCi p + Ric jp Ric pj - 2V fe Ric y - V fe /] 

— 2r[Ric lfe Ric fej + Ric ife iJ ifc /T + Ricjfc -ffjfe/r] 
+ [RicjpHip + RidpHpj - 2V k H i:j V fe /] 

— r[2ARic;j + 4Ric pg R W(? - 2Ric ip Ric p .,- - V?-R] 
+ r[2(V i Ric jfc + VjRicifc - V fe RiCy )V fe /] 

— 2R ik j p H pk — 2rR i fcj p Vp/Vfc/ 
= [Hij - 2H 2 3 ]/t - 2V k H l3 V k f 

— [RiCi k Hj k + R\Cj k H ik + 2R ik j p H pk ] 

— r[2ARic i:; — 2RiCj P Ric ip + 4Ric pq Ri P j q — V^i? — Ric^/r] 
+ r[2(V J Ric jfe + VjRic ife - 2V fe Ric y )V fe /] 

— 2rR i fc :) pVp/Vfe/ 

so finally, we get 

(dt + A)fly = [fly - 2H?-]/t - 2V k H ij V k f - R\c k H kl - R\c k H kl - 2R ipjq H™ 
- r[2ARic i3 - 2g pq RiCipR\c jq + 4Ric P9 R W9 - V 2 i? - Ricy/r] 
+ 2r(ViRic jfe + VjRicife - 2V fc Ricy)V fe / - 2rR W9 V p /V 9 / . 

Notice that the second and third lines gives the Hamilton's Harnack quadratic with a wrong term 

-RiCy/r. 

4.2. Computation II: Back-Ricci Flow. Suppose that u t = -Au - Ru and u > 0, we want to 
show the nonpositivity of the term 

f or / = — log w which satisfies 

/ t = -A/+|V/| 2 +R. 
Equivalently if we had chosen / = log u we can show the positivity of 

for / = log u which satisfies 

/ t = -A/-|V/| 2 -R. 
• Evolution equations for Ricci tensor and scalar curvature under back-Ricci flow: 

d t RiCij = — (ARiCy + 2Ric P9 R ip:)g — 2g P9 Ric ip Ric,j.,) 
d t R = -(AR + 2|Ric| 2 ). 
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• Evolution equations for Christoffel symbols under back-Ricci flow: 

dtT% = '/' w :V,i;i( V + VjRicii - VjRicy) . 
We set fi = Vi/, fij = Vijf and Ly- = /y + Ricy, fly = r£y + gy/2 = r[/y + Ricy] + gy/2, 
(<9 t + A)#y = - Ly + Ricy 

+ r[A/y + V^/ t - (ViBiCjk + V,Ric lfc - V fc Ricy)V fe /] 
+ r[<9 t Ricy + ARicy] 
= - /y + r[A/y - VyA/ - Vy|V/| 2 - (V 4 Ric, fc + V,Ric 4fc - V fc Ricy)V fc /] 

- T[2Ric P9 R w - 9 - 2 ff P9 Ric ip Ric 9i + V?-R] 

= - fij + T[(ViRic,- fc + VjRicife - V fe Ricy)V fe / + g pq Ric 0P f tq + g pq Ric ip f d - 2R W9 /- 
+ r[-Vy |V/| 2 - (V<Bic ifc + VjRico. - V fc Ricy)V fc /] 

- r[2Ric P9 R w ,j - 2 5 p<? Ric lp Ric 9i + VyR] 

= - fij + r[g pq Ric w f iq + g pq Ric rp f qj ~ 2R ipjq f™ - V^V/I 2 ] 

- T[2Ric P9 R W9 - 2 5 P9 Ric lp Ric ( y + VyR] 

fij ~t~ ^ [.9 ^ ^ R,ic j p g -+- g^micipfqj 2i¥Lipjqf^j 

- r[2Ric p<? R W(3 - 2 3 P9 Ric ! : p Ric 9J + VyR] 

- r[2f ip f jp + 2V% k fV k f] 

= - fij + r[g pq Ric 3P f iq + g pq Ric v f q , - 2R ip3q f pq ] 

- r[2Ric P9 R W9 - 2 5 P9 Ric lp Ric ( y + V?-R] 

- r[2f ip f jp + 2Vfy/V fe / + 2R lp]q V p fV q f] . 

Suppose now that at time t > 0, the tensor ffy (which goes +oo as t — > T~) get its "last" zero 
eigenvalue at some point (p, t) in space and time, with V unit zero eigenvector. We extend V % in 
space such that W{p) — V 2 V{p) — and constant in time. Then if Z = HijV l V J we have that Z 
has a global minimum on M x [t, T] at (p, t). At such point we have Z = 0, VZ = and AZ > 0, 
hence, f lj V l V : > = -Ricy - 1/2t, and as VZ = 0, V k f lj V l V j = -VfcRicy V*V J '. Then 

< d t Z + AZ = (dtHij + AH M )V i V i 

= {-fij + r[g pq R\c w f iq + g pq R\c ip f qj - 2R tpjq f pq ] 

- r[2Ric P9 R w - 9 - 2 ff p<? Ric ip Ric gi + VyR] 

- r[2f ip f jp + 2V 3 kij fV k f + 2R ipjq V^fV q f]}V i V^ 

= {Ricy + gij/2r + r[-2Ricy- - Ricy/V + 2Ric P9 R ipig + Ricy/r] 

- r[2Ric p<? R 4pi9 - 2 5 P9 Ric lp Ric 9i + VyR] 

- r[2Ric 2 - + 2RiCy/r + 5 y/2r 2 - 2V fc Ricy V fc / + 2R lpiq V p fV q f]}V l V J 
= {-Ricy - r[2RiCy. + Vy-R - 2V fc Ricy V fc / + 2R ipjq V p fV q f]}V l V 3 

= - r{V?R + 2Ric 2 3 + Ricy/r - 2V fc Ricy V fe / + 2R ipjq V p fV q f}}V l V . 

By this computation, it follows that we would get a contradiction by maximum principle, if the 
following Hamilton-Harnack type inequality is true. 

VyR + 2Ricy + Ricy/r - 2V fe Ricy -,U k + 2R tpjq U p U q > . 

See |H and also 0. 

4.3. Dimension 2. In the special two-dimensional case of a surface with bounded and positive 
scalar curvature this inequality holds, see [1. Chapter 15, Section 3]. 
If a positive function u satisfies 

u t = — Ait — Ru 
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for a closed curve moving by its curvature k inside a surface evolving by g t — 2Ric = Kg, we 
have 

(^/^ J u ds^J < —\fr J |k — V 1 " logu| 2 uds , 
where v is the unit normal to the curve 7. 

4.4. A Very Special Case. In dimension 2, for a surface with positive and bounded scalar curva- 
ture, we consider the scalar curvature function u = R > 0. 
It satisfies 

u t — —Au — Rit 

as, under the back-Ricci flow, we have 

d t R = -AR - R 2 . 

In this case we can get directly the monotonicity formula 

d 



dt 



v/r J Rds^j <-Vr J |k - V x logR| 2 Rds , 



as the Li-Yau quadratic in this case, that is, 

VL logR + R/2 + ^, 

is nonnegative being exactly the "special" form of Hamilton-Harnack inequality for surfaces 
with positive scalar curvature (see [!))■ 

This inequality becomes an equality (for every curve) iff M is a gradient expanding Ricci soli- 
ton with R > and k = log R. 
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